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For the first time, we investigate susceptibilities of dense quark matter up to 8th order using
an effective model. Generally higher order susceptibilities will have more sign changes and larger
magnitude, thus should give more information about the presence and location of the conjectured
QCD critical end point (CEP). Two cases are studied, one with the CEP and one being crossover
phase transition throughout the QCD phase diagram. It is found that a rapid crossover transition
can also give similar sign pattern as the case with the CEP and yield large signal. We propose that
using several kinds of ions for collision to search for a wider range on the QCD phase diagram may
help.
Exploring the phase structure of strongly interacting
nuclear matter is one of the main goals of heavy-ion col-
lision experiments. Due to the asymptotic freedom of
QCD, nuclear matter is expected to undergo a phase
transition from a phase with hadrons as dominant degrees
of freedom to a quark-gluon plasma (QGP) [1]. Lattice
QCD calculations show that at small baryon chemical po-
tential and high temperature, the transition is a smooth
crossover [2], whereas a first-order phase transition is ex-
pected at high baryon chemical region [3–6]. The end
point of this possible first-order phase boundary towards
the crossover region is called the QCD critical end point
(CEP). Due to the sign problem of lattice QCD, our cur-
rent knowledge about this CEP are based on model cal-
culations, but the CEP does now show up under all cir-
cumstances [7–9]. So it is important to check if we can
tell the existence of the CEP by experiment.
It has long been predicted that the fluctuations (sus-
ceptibilities) of baryon number and electric charge are
sensitive to the phase transition. The experimental mea-
surements of the fluctuations of conserved quantities have
been performed in the beam energy scan (BES) pro-
gram by the STAR and PHENIX experiments at the Rel-
ativistic Heavy-Ion Collider (RHIC). Interestingly, the
STAR experiment observed a non-monotonic energy de-
pendence of the fourth order (κσ2) net-proton fluctu-
ations in the most central Au+Au collisions [10, 11].
Furthermore, this non-monotonic behavior cannot be de-
scribed by various transport models [10, 12, 13]. How-
ever, one important question remains. How can we
tell that the non-monotonic behaving signal we found
is caused by the CEP or just by a crossover transition?
To investigate the contribution of the possible criticality
physics to the conserved charges fluctuations, we adopt
an effective quark model, the Nambu-Jona-Lasinio (NJL)
model [14, 15], to calculate the various fluctuations up to
8th order in two cases, one with the CEP and one with-
out. By comparing the difference between the two cases,
one can see how critical behavior will influence the signal
and whether current and forthcoming experiments should
be able to tell the existence of the CEP.
Previous work has studied these quantities up to fourth
order [16–22]. We choose the NJL model as a represen-
tative since other effective models like the Polyakov-loop
improved NJL model [23, 24], linear σ model [25], the
Polyakov-Quark-Meson (PQM) model [26], the Gross-
Neveu (GN) model [17] or Dyson-Schwinger equations
[27–32] all share similar phase diagram or low-order sus-
ceptibilities with the NJL model and we are mainly in-
terested in the qualitative behavior of the susceptibili-
ties (the location of the CEP in the NJL model tends to
higher µB and lower T though). The chemical potential
of u, d quarks are almost the same in experiments [33],
so we set them to be equal throughout the calculation.
The chemical potential of the strange quark is smaller,
but due to the large mass of s quark, it does not vary
the phase diagram much, thus having small influence on
the susceptibilities [22]. Throughout our calculation, we
assume that the fire-ball is near thermal equilibrium at
freeze-out, though critical slowing of dynamics would be
important if the fire-ball passes the CEP [34, 35]. Addi-
tionally, changes in expansion dynamics and interactions
that produce variations in particle spectra and accep-
tance independent of critical phenomena may blur the
signal [36].
The lagrangian density we adopt is the 3-flavor NJL
model with scalar and vector interactions, along with the
t’Hooft interaction which breaks the U(1)A symmetry:
L =ψ(i/∂ −m)ψ +GS [(ψλiψ)2 + (ψiγ5λiψ)2]
−GV [(ψγµλiψ)2 + (ψγµγ5λiψ)2]
−K(det[ψ(1 + γ5)ψ] + det[ψ(1− γ5)ψ])
(1)
The model’s parameters are taken from Ref. [37]. The
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FIG. 1. The phase diagram of the order parameter mu (the constituent up quark mass) in MeV . (a) GV = 0 case where a
CEP is present. The thick line shows the location of the first-order phase transition (b) GV = 0.5GS case where there is no
critical behavior but crossover transition
bare quark masses are mu0 = md0 = 5MeV,ms0 =
136MeV . The 3-momentum cutoff Λ = 631MeV , GS =
1.83/Λ2 and K = 9.29/Λ5. After mean-field approxima-
tion, the following equations hold:{
mi = mi0 − 4GS〈qiqi〉+ 2K〈qmqm〉〈qnqn〉(i 6= m 6= n)
µi = µi0 − 4GV 〈q†i qi〉
(2)
where 〈Θ〉 = Tr(Θe−β(H−µiNi))
Tr(e−β(H−µiNi)) being the grand canonical
ensemble average, and i = u, d, s.
The various susceptibilities are defined as:
∂〈q†i qi〉
∂µj
= χij ,
∂2〈q†i qi〉
∂µj∂µk
= χijk,
∂3〈q†i qi〉
∂µj∂µk∂µp
= χijkp
(3)
Furthermore, we change the base from {u, d, s} at quark
level to the conserved charges {B,Q, S} by using:
µu =
1
3
(µB + 2µQ)
µd =
1
3
(µB − µQ)
µs =
1
3
(µB − µQ − 3µS)
(4)
We consider two cases: one with GV = 0 which
has a CEP, another one with GV = 0.5GS (given
by renormalization-group analysis [38, 39]) which is
crossover transition throughout the phase diagram [7].
As can be seen from Fig. 1, the two cases have very sim-
ilar behavior at low µB .
In order to relate our calculation with experiments and
other model calculation, we consider the following ratios
defined as:
mn(X) =
Tnχ
(n+2)
X
χ
(2)
X
, n = 1, 2, 3... (5)
where x = B,Q, S. These ratios are then independent
of the volume of the system. The signs of these ratios of
baryon number are shown in Fig. 2 and 3. Red regions
are of positive value, and blue regions are of negative
value. The yellow regions represent values very close to
0.
Within the phase boundary, there is really not much
difference of the signs of the signals (the moments). The
negative regions in Fig. 2 (a) and (b) are the same as
predicted in Refs. [19] and [20] by means of universal
analysis. However, similar sign patterns appear also in
the case with no CEP (see Fig. 3). If we measure points
away from the phase boundary, we may not be able to tell
whether the CEP is present by only analyzing the sign of
the signals. The most significant difference between the
two cases lies at the low T (large µB) part of the phase
boundary. Across the first-order phase transition line
(crosses in Fig. 2), the signal changes sign for 0 (even or-
der) or 1 (odd order) time. Within the GV = 0.5GS case,
however, the signal changes sign more and more times
across the crossover line as the order becomes higher. If
we are able to measure enough points across this part of
the phase boundary, we may be able to tell whether the
phase transition is first order or crossover. This is a very
important conclusion of our analysis.
Next, we want to study the magnitude of the signals on
the phase diagram. In Fig. 4, we plot the region where
the magnitude of mn(B) being greater than 5
n or 10n
for both the two cases. The case with the CEP has a
large area where large signals are expected while the case
with no CEP has only a small area. Besides, due to
criticality, the magnitude of signals of the case GV = 0
can be even larger if we become close enough to the CEP
(in Fig. 4, the region where mn(B) > 10
n is still sizable),
where the magnitude of signals of the case GV = 0.5GS
is limited. By only analyzing the magnitude of the signal
in experiments, we can not yet tell whether the CEP
is present. But if the magnitude of the signals are very
large, the chances are that there is a CEP or the crossover
phase transition is very rapid.
In this letter, we mainly discussed about three aspects
by considering two cases with and without the critical end
point. First of all, higher order fluctuations will carry
more information about the phase transition. The flip
of sign will indicate the location of the phase transition
and the magnitude of higher-order signals are generally
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FIG. 2. Sign of mn of baryon number for the GV = 0 case. Red region represents positive value while blue zone represents
negative value. The dashed line is the crossover line while the crosses represents the first–order phase transition curve. The
negative region are also enclosed by solid green line and filled with stripes for illustration purpose.
phase boundary
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FIG. 3. Sign of mn of baryon number for the GV = 0.5GS case. Red region represents positive value while blue zone represents
negative value. The dashed line is the crossover line while the crosses represents the first–order phase transition curve. The
negative region are also enclosed by solid green line and filled with stripes for illustration purpose.
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FIG. 4. Region where the magnitude of mn(B) > 5
n (yellow crosses and red triangles) or 10n (blue squares and gray diamonds)
for the two cases. The left regions belong to the GV = 0 case and the right regions belong to GV = 0.5GS case.
larger. It should be very meaningful to measure higher-
order fluctuations. Secondly, we find that the case with
no critical behavior can give similar sign pattern in the
vicinity of the phase transition. The two cases considered
in this letter have similar behavior at low chemical poten-
tial and are not in conflict with lattice simulation [40], so
they are both possible candidate for the real QCD phase
diagram. Also, their sign pattern and magnitude both
agree with current experiment data qualitatively [10] (the
comparison between the case with CEP and experiment
data is done in Ref. [22], and the case with no CEP does
not differ much from the case with the CEP at this order).
By only analyzing the sign of current and future experi-
ment signal, we may not be able to tell whether the CEP
is present. We need to move across the phase boundary
(the possible first-order transition line) for more infor-
mation. Thirdly, the magnitude of the fluctuations of
the two cases differ a lot. The case with the CEP will
give very large signals if we can come close enough to the
CEP. However, a rapid crossover transition can also yield
sizable signals. Further investigation is still needed. It
should be meaningful to use different kinds of ions (dif-
ferent freeze-out curves) for collision in order to search
for a wide region on the phase diagram [41, 42]. If there
is a CEP and all the data points we measured are inside
the phase boundary, we should expect an rapid increase
of the magnitude of the signals as we approach the phase
boundary. If we pass through the CEP, we can locate
the CEP within the nearest two freeze-out lines. In this
way, we can reduce the uncertainty of the existence and
location of the CEP.
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